Abstract A three-dimensional numerical tool for the microscale simulation of smoldering in fixed beds of solid fuels is presented. The description is based on the local equations and accounts the local couplings of the transport and reaction mechanisms. The chemical model includes devolatilization and cracking of the kerogen, calcination of the carbonates contained in a mineral matrix and oxidation of the carbon char left by the pyrolysis. An extensive survey of the functioning regimes exhibits features that have to be taken into account in the operation of a reactor and in its macroscopic modeling. Three dimensionless numbers are shown to control the phenomenology, which embody the effects of the constituent properties and of the operating conditions. One of them, Pe F,s , provides an a priori criterion for the validity of a local equilibrium hypothesis and for the applicability of standard homogenized formulations. The numerical observations comply when Pe F,s is small with the expectations from a simple homogenized description, including quantitative predictions of the mean temperature profile, of the consumption of the various reactants and of the relative positions of the reaction fronts. Conversely, local equilibrium is not satisfied when Pe F,s is large and these approaches fail in several respects. The simple upscaled transport equations are unable to predict the evolution of some of the locally average state variable. Furthermore, strong local deviations of the state variables from their local averages, combined with the nonlinearity of the kinetic laws, cause the overall reaction rates to differ from those deduced from the mean values. Nevertheless, a successful heuristic model for the spread of the hot and potentially reactive region can be stated, which provides an avenue for further studies.
Introduction
Filtration combustion appears in many natural or industrial situations, pertaining, for instance, to fire hazards, chemical reactors or oil recovery by in situ combustion. It is a very complex process, due to the numerous coupled physical and chemical mechanisms involved, to their much different characteristic time scales, and to the geometrical complexity of the host medium on the microscale. The understanding and theoretical modeling are still subject to many open questions. Experimental investigations are impaired by the difficulty and intrusivity of local measurements. Therefore, detailed numerical simulations are the most natural avenue for significant progresses.
Any model of filtration combustion should at least contain governing equations for the gas flow and oxidizer transport, a heat transport equation and a more or less sophisticated model for the chemical reaction kinetics. Obviously, these equations are strongly coupled and nonlinear. A detailed statement of the problem at the microscale is provided by Ohlemiller (1985) .
Macroscopic governing equations relate fields that represent volume-averaged local quantities (Moallemi et al. 1993; Yortos 2003, 2005) . They involve effective coefficients that depend on the microstructure and on the flow and reaction regimes. Their determination requires the solution of the full set of microscale equations in a representative sample (Adler and Thovert 1998) . In addition, the validity of homogenized equations requires that the physical quantities vary smoothly on the macroscale. This condition is violated when a relatively thin reaction front exists. Finally, homogenized formulations often rely on the hypothesis of local thermodynamic equilibrium. Whether this condition is met or not can be assessed only by examinations on the microscale (Oliveira and Kaviany 2001) . Thus, microscale modeling is required to assess under which conditions the usual models are applicable, to evaluate the associated effective coefficients and possibly to provide phenomenological indications and modeling guidelines for less amenable situations. Such questions have been investigated on the pore scale for athermal reactions (Tartakovsky et al. 2009; Porta et al. 2012 Porta et al. , 2013 , but the heat release and thermal problem associated with combustion add a level of complexity.
The three-dimensional microscale numerical model of smoldering in fixed beds developed in earlier works (Debenest 2003; Debenest et al. 2005a ) was intended as a general tool to explore by direct simulation the relationships between local mechanisms and global behaviors, in order to help in formulating and implementing a sensible macroscopic description.
Steps have been taken in this direction (Debenest et al. 2005b (Debenest et al. , 2008 with the characterization of the global phenomenology as a function of a small number of dimensionless operating parameters. The present work proceeds along these lines and introduces additional chemical processes, of practical importance in industrial applications, and especially when burning oil shales, in situ or in surface after mining.
On the one hand, the calcination of the carbonates generally contained in a large amount in the shales is very endothermic, and it can influence the whole process by its strong impact on the global heat balance. On the other hand, the collection of the products of devolatilization and cracking of the kerogen is generally the main objective when burning them, and their ignition is to be prevented. Therefore, decarbonation and kerogen pyrolysis are included in the model, in order to provide the phenomenological knowledge and predictive criteria required for the tuning of operating parameters. It is shown in particular that whereas the added processes do not cause or increase thermal disequilibrium, the lack of local equilibrium can strongly influence these reactions and indirectly the whole process. This paper is organized into six main sections. The new additions to earlier implementations of the physicochemical and mathematical models are described in Sect. 2. Section 3 presents a reference solution that provides a framework for the analysis of the numerical results, and introduces a few important quantities and concepts. The general strategy for the extensive set of simulations is described in Sect. 4. The results are presented and commented in Sect. 5 for a stratified medium and in Sect. 6 for a staggered array of cylinders. Finally, a discussion and elements of conclusions are provided in Sect. 7.
Outline of the Physicochemical and Numerical Models
Except for the newly added calcination and pyrolytic processes, the model is described in full detail in Debenest (2003) , Debenest et al. (2005a) , Elayeb (2008) and only the main features are recalled.
The materials and operating parameters of co-flow smoldering experiments (Martins et al. 2007; Martins 2008; Martins et al. 2010a, b) are taken as a reference situation. The physicochemical parameters are set according to their actual values, or to their best available estimates (Table 1) . Oil shale grains are packed in a vertical column. Air is blown from the top, where ignition is performed. The flow rate can be varied, but the Reynolds number always remains at most of the order of unity. A reaction front propagates downwards. The temperature within the reaction zone rises up to about 1500 K (some regimes that yield even larger temperatures could not be investigated due to limitations of the apparatus). Pyrolytic reactions occur downstream of the front; the kerogen decomposes into gaseous compounds that are taken away by the flow and a solid carbon char that later reacts with the oxygen. The endothermic calcination of the carbonates contained in the shale matrix can occur when the temperature reaches about 1000 K.
Oil shales were chosen for their interest as a fossil energy resource and because their mineral matrix (>80%) prevents the grain shape and the bed geometry from significantly evolving during the process. The mass loss only results in an increase in the grain microporosity. Only a small vertical shrinkage of the bed (≈3%) and no change in the grain size distribution were observed in the experiments (Martins et al. 2010a, b) .
No evidence of a transition to flaming was detected in Martins et al. (2010a, b) , nor in Sennoune et al. (2011) where smoldering in beds of semicoke prepared by retorting the same oil shale was studied over a wider range of composition. However, this does not preclude the occurrence of flaming in other circumstances. Assessing the range of the operating parameters where flaming can be expected is part of our objectives. Flaming corresponds to the combustion of a gaseous fuel released in the smoldering front, such as CO or products of pyrolysis, triggered when critical conditions in the pore space are met (Ohlemiller 2002; Rein 2009 ). This requires that flammability and ignition criteria are simultaneously fulfilled for the onset of homogeneous combustion, i.e., coexistence of minimal combustible gas and oxidizer concentrations and temperature at the same position. The simple model for the oxidative reaction described below assumes that if CO is produced, it is oxidized into CO 2 very close to the solid surface. This apparent reaction producing CO 2 on the solid cannot be termed "flaming." However, the pyrolytic gases and oxygen can meet and react in some circumstances for which a criterion is identified.
Chemical Model
The chemical model includes a heterogeneous oxidation reaction and two pyrolytic processes within the grains, and can be summarized by
This model with oxidation, calcination and pyrolysis is denoted {OCP}in the following, whereas the simpler model of Debenest (2003) , Debenest et al. (2005a Debenest et al. ( , b, 2008 which only involves oxidation is called {O}. Carbon oxidation is described by a "one-film model" (Turns 1996) , whereby the whole reaction scheme is summarized by the single exothermic heterogeneous reaction (1a) on the grain surface, with H O = 395 kJ/mol. The delay due to the species transfer within the grains can be neglected without strongly affecting the global behavior under conditions discussed in the previous work (Debenest et al. 2005a) , which basically require that the grain size is at most millimetric. The single-step reaction (1a) lumps the heterogeneous oxidation of C into CO followed by the gas-phase combustion of CO into CO 2 close to the solid surface. The kinetic law for (1a) is assumed to be fast enough so that it is only limited by oxygen supply, when the temperature T exceeds the threshold T r,O = 300 • C. The precise value of T r,O is of little importance since T is actually always far greater in the reaction zone.
Pyrolytic processes which were not considered in the implementation of Debenest (2003); Debenest et al. (2005a) are added here, namely the kerogen devolatilization and cracking (often simply called "pyrolysis" hereafter) and carbonate calcination. The complex set of mechanisms involved in the cracking is summarized by the single degradation reaction (1b) where K stands for kerogen, H P is the required heat supply, C is the char residue and V is the gaseous products. The mass fractions of about 20% of C and 80% of V measured in Martins et al. (2010a) are in the usual range for oil shales. The reaction occurs when temperature exceeds a threshold value T r,p . Based on the observations of Martins et al. (2007) , T r,p = 200 • C, and the reaction (1b) is nearly athermal ( H P ≈ 0). Hence, the reaction rate is limited by the temperature elevation rate. The gaseous products V are not tracked in the simulations.
Part of them can be heavier molecules which are gaseous at T r,p but condensate further downstream where temperature is lower. In the experiments (Martins et al. 2010a, b) , the gas flow and smoldering front progression were oriented downwards. The liquid oil seeped without interfering with the smoldering process nor impairing the gas flow, and it was collected at the bottom of the cell. In other situations not considered here, it may be necessary to account for the two-phase flow downstream of the front. A more detailed chemical model should then be used, for instance by distinguishing at least two classes of pyrolytic gases, with different typical molecular weights and thermochemical properties. The initial amount [K] in of kerogen is often set so that the residual char after complete degradation contains [C] in = 9190 moles of C per m 3 of shale. However, other values of the fuel content corresponding to different values of [C] in are also examined in the simulations.
Carbonate calcination corresponds to the endothermic decomposition (1c). The material in the experiments actually contains a mixture of Ca and Mg carbonates, with slightly different values of H C . For simplicity, the two species are not distinguished here and the mean value H C = 154 kJ/mol measured in Martins et al. (2007) is applied. Effusion of CO 2 is not regarded as limiting, so the reaction rate is also controlled by the heat supply when temperature exceeds the threshold T r,c , taken equal to T r,c = 750 • C.
Balance Equations
The governing equations for the gas flow, for the oxygen and heat transports, and the approximations applied to make these problems more amenable are only briefly presented since they are fully detailed in Debenest et al. (2005a) for the {O}case. The {OCP}extension only introduces an additional sink term in the heat transport equation in the solid phase, and balance equations for the immobile kerogen, carbon and carbonate species.
The gas flow in the pore space Ω g is described by Stokes equation,
where v, p and μ are the gas velocity, pressure and viscosity. A no-slip condition is applied on the solid surfaces. Inertial effects are negligible in the investigated range of flow rates, and the gas properties and other physicochemical coefficients are taken constant, with values corresponding to the typical front conditions (see Table 1 ). Note that the change in mass flow rate due to the gas emissions by reactions (1) are not accounted for in the model. The discussion of the possible influence of this simplification is deferred until Sect. 7.1, in light of concepts and observations that need to be introduced first. The oxidizer is conveyed by 
where D O is the diffusion coefficient. Finally, two heat transport equations apply in the gas phase Ω g and in the solid phase Ω s ,
where C i is the volumetric heat capacity of phase i and λ i its thermal conductivity. The right-hand side term in (4b) is the heat sink resulting from the pyrolytic reactions. These transport equations are coupled by the continuity of temperature across the solid surface ∂Ω, and by the source and sink terms associated with the surface reaction (1a). Therefore, flux balances for oxygen and heat at ∂Ω read
where n is the unit vector normal to ∂Ω and S O and S T = S O H O are the oxygen sink and heat source due to combustion. The general forms of (4b, 5) can be particularized for the kinetics with threshold temperatures assumed in the present implementation. Since the oxidation rate is either negligible or diffusion-limited, the conditions at ∂Ω read
where H C is a Heaviside step function accounting for the fuel exhaustion, on a per grain basis (see Eq. 5 and associated discussion in Debenest et al. 2005a ).
Owing to their fast kinetic laws, the cracking and calcination reactions take place in thin fronts in Ω s at T = T r,p and T = T r,c , separating regions where T is too low for the reactions to occur and regions where kerogen or carbonates are exhausted. In the numerical discrete implementation, a volume element τ in the front remains at constant temperature while [K] or [CaCO 3 ] drop to zero. Temperature cannot exceed T r,p (resp. T r,c ) as long as kerogen (resp. carbonate) is not exhausted. Therefore,
where the step function H Ca denotes the presence of remaining CaCO 3 at a position in Ω s . A similar formalism applies for the cracking reaction (1b), but since H P ≈ 0, it results in the instantaneous conversion of K into C + V in a volume element when T reaches T r,p . Note that the problem is nonlinear because of the expressions for the reaction rates in (6, 7). This is not a consequence of the simplified form of the kinetic laws. Arrhenius laws also depend nonlinearly on temperature (stiffly, though continuously) and require that a sufficient temperature level is reached for the onset of a reaction. Endothermic reactions are limited by heat supply, but exothermic reactions can give rise to sudden transitions, and in the first place to the ignition/extinction of the smoldering reaction.
Implementation
The system is completed by macroscopic upstream boundary conditions, i.e., by the entry gas temperature, oxygen content and flow rate. The simulations are started with the whole system at room temperature. Without loss of generality, the temperatures are always given in the following relative to this reference value. After ignition and a transient period, a steady regime establishes where a reaction front progresses with constant velocity. This behavior is observed both experimentally (Martins et al. 2010b ) and numerically (e.g., in Fig. 2 ) and its main characteristics can be predicted from global balance arguments (Sect. 3). We focus the observation on a region around the reacting zone when the steady regime is reached, i.e., far enough from the inlet to be insensitive to the details of the injection. Similarly, the domain of calculation is set long enough to prevent any disturbance from the downstream boundary in the region of interest. The domain of computation is extended by shifting this boundary further downstream whenever gradients of the state variables start to develop at the outlet during the simulations.
The numerical code implements this model in a full 3d, transient formulation. All details regarding the numerical methods can be found in the aforementioned references for {O}, where extensive validation tests have also been presented (especially in Debenest 2003) . The new features in {OCP}require the introduction of new species, with simple balance equations since they are immobile, and a sink term in the heat transport equation which only call for minor changes. Let us just mention that a finite volume method is applied for the flow solution (Lemaître and Adler 1990; Coelho et al. 1997 ) and for all transfers within the solid, while a random walk approach is applied for the description of all the transports in the gas Békri 1995) . The heterogeneous chemical reactions are handled by probabilistic production/removal of particles, according to the appropriate kinetic and stoichiometric laws. For performance and stability, the time stepping is adaptive and, in particular, conforms with the changes in regimes in (7) in all the volume elements. The simulations are run in a digital image of the porous medium, made of an array of elementary cubic volume elements.
Although the calculations are actually conducted in 3d, the results in the following correspond to 2d model configurations shown in Fig. 1 , a stratified medium and an array of cylinders. Aside from the gain in computational requirements which allows a faster and more exhaustive sweep of the parameters, the main advantage of the 2d models is the possibility of a graphic display for all the local fields, which provides a deeper understanding of the phenomenology than mere average profiles of the same quantities. The whole 2d space is paved with replicas of the patterns in Fig. 1 , and therefore, periodicity conditions apply for all the variables and fluxes in the direction transverse to the flow and front progression.
Reference Solution of a Homogenized Description
A macroscopic point of view is adopted, following for instance (Schult et al. 1995) , in a one-dimensional setting. A steady regime is assumed to be reached. The oxidative reaction front is regarded as vanishingly thin, located at X F and propagating at velocity U F . Local thermal equilibrium is assumed here, with a single mean temperature applying to both the gas and solid phases. 
Model {O}, No Pyrolytic Reactions
The solid phase initially contains a volumetric amount [C] in of fuel and the injected gas a concentration [O 2 ] in of oxygen. After passage of the reaction front, these amounts are reduced to
are not zero if combustion is incomplete and/or some O 2 escapes. For instance, a fraction ω C ≈ 0.12 of the fixed carbon was found unburned after passage of the front in crushed shales in Martins et al. (2010a) , whereas ω C ≈ 0 applied for a mixture of charcoal with sand in Martins et al. (2010b) . The front velocity is related to these quantities by a simple stoichiometric balance,
where ε is the porosity and v is the mean interstitial gas velocity. In a referential attached to the front, the heat transport equation reads
where C = εC g + (1 − ε) C s is the global volumetric heat capacity and λ is a global heat conduction coefficient. The source term S H , localized at the origin by the Dirac function δ X F is related to the front velocity, and a temperature T ad can be defined as the ratio of the volumetric heat release and capacity,
Finally, (9) can be written as
where D = λ/ C and the dimensionless parameter Δ is given by
Two different stationary regimes can take place, according to the sign of (1 − Δ),
where the decay length Λ and plateau temperature T p are given by
The quantities T p and Λ involved in the solution (13) are determined by the parameter Δ, which depends on the heat capacities and reactant concentrations, but they are independent of the flow rate. Δ does not depend either on the value of the source term S H . The unreacted fractions are generally small, i.e.,
, and therefore, an a priori assessment of the main features of the process is possible, in a first approximation and in the framework of this simplified chemical model.
Note that local thermal equilibrium is assumed here, with a same temperature in the solid and gas phases. As shown in the following, this assumption is often invalid in the reaction zone. However, the quantities U F , S H , T ad and T p result from global mass or energy balances and remain unaffected, and (13) still applies far from the reaction front where equilibrium is recovered. This is confirmed by the simulation results, e.g., in Fig. 6 .
Model {OCP}, Including Pyrolysis and Calcination
The analysis is extended here to account for decarbonation, predict its occurrence and the amount of calcinated carbonates. However, most of the results for {O}also apply to {OCP}.
Note first that U F (8) results from the oxidation stoichiometry and is unaffected by calcination. The parameter Δ (12) is also independent of the occurrence of calcination. Consequently, the general form (13) of the temperature profile and the decay length in (14) are also unchanged. Furthermore, these results do not depend on the heat release, except indirectly and marginally through the dependence of the physical coefficients on temperature. They do not depend either on the flow rate, i.e., on Pe, except indirectly for Λ through the hydrodynamic dispersive contribution to λ, as discussed later (see Eq. 24).
However, the adiabatic T ad and plateau T p temperatures depend on the net heat source S H , which is modified by the endothermic decarbonation. The net volumetric energy production is the difference between the heat released by carbon oxidation and that consumed by the calcination of a quantity δ[CaCO 3 ] of carbonate. Therefore, S H and the resulting adiabatic and plateau temperature read
where H O and H C are the heat of the oxidation and calcination reactions. Note that the predictions (15) do not explicitly depend on the flow rate. It has been assumed in the above that the overall reaction zone is of a small extent compared to Λ, so that all the heats of reaction can be lumped into a single global net value. As shown later, a significant separation of the oxidation and calcination fronts may occur, when T p widely exceeds T r,c . The exponential decay of the temperature profile near X F is then deformed since the right-hand side of the heat transport equation (9) actually involves two source/sink terms, in the form of δ X F,O S H,O + δ X F,C S H,C . However, this does not influence T ad and T p , since they result from a global thermal balance.
It should be kept in mind that Δ depends (via U F ) on the consumed fractions of C and O 2 , and that T ad depends also (via S H ) on the amount of carbonate calcinated into lime. In a wide range of operating parameters, all these species are entirely consumed and the predictions are truly independent of the gas flow rate, but as illustrated later, various mechanisms can cause part of the oxygen to escape the reaction zone, which modifies Δ, the front temperature and possibly the amount of calcinated carbonate. Only the detailed account on the microscale of the complete set of coupled mechanisms can ascertain the actual outcome, but nevertheless, tentative predictions can be formulated. The detailed simulations show that they can provide quite accurate estimations, under conditions related to the flow regime and pertaining to local thermal equilibrium issues.
Consider for illustration the reference situation with the parameters in Table 1 . The maximal energy release 3.63 GJ/m 3 for the total carbon oxidation exceeds the maximal sink 1.50 GJ/m 3 required for complete carbonate calcination; therefore, complete calcination is possible. In most cases, the consumed amounts of reactants are equal to their whole initial values. Assume also, subject to a posteriori check, that complete calcination is achieved. Equations (12, 15) yield Δ = 0.384, T ad = 631 • C and T p = 1024 • C (to be compared to T ad = 1076 • C and T p = 1747 • C in the absence of calcination). Thus, T p is indeed larger than T r,c = 750 • C, which supports a posteriori the assumption of complete calcination.
More general predictions can be achieved. Suppose, for instance, that the carbon contents in the shale is changed, still under the assumption of a complete reaction. For low-grade fuels with Δ < 1, T p is related to the fraction ω ca of calcinated carbonates by
The fraction ω ca is necessarily 0 when T p < T r,c and 1 when T p > T r,c , which corresponds to Δ < Δ 0 and Δ > Δ 1 , respectively, with
In the intermediate range Δ 0 < Δ < Δ 1 , T p = T r,c and partial calcination takes place with ω ca depending on the shale heating value,
For the present values of the parameters, Δ 0 = 0.211, Δ 1 = 0.337, and ω ca = 7.98Δ−1.69. The predictions (16, 18) are given in Table 2 in comparison with the numerical results in the cases investigated in the simulations.
Governing Parameters, Regimes, Outline of the Simulations
The smoldering process obviously depends on the nature and properties of the reactive solid and of the injected gas. As clearly demonstrated in the previous section, the combination in the dimensionless number Δ of their physicochemical properties is the prominent quantity accounting for them, and it is one of the parameters whose influence is investigated in the simulations. It should be noted that the stated values of Δ are nominal, assuming complete consumption of C and O 2 , whereas it turns out sometimes that a significant fraction of oxygen escapes. Hence, its actual value (as well as T ad and T p ) can only be checked a posteriori. The nominal Δ is directly related to the shale heating value. Assuming that standard air is injected, that C and O 2 are fully consumed and that C g and C s are given in Table 1 , (12) yields
The ratio of organic to mineral matter in the most exploitable shales ranges from 0.15 to 0.30 (vs. 1 for coals) (World Energy Council 2007), which means that a realistic range for Δ is from 0.2 to 0.5. However, Δ can be decreased by mixing the shale with another inert material, or increased by injecting another gas such as oxygen-depleted air. The second major operating parameter is the injected gas flow rate, which we quantity by a dimensionless Péclet number,
L is a characteristic length scale, taken equal to the channel aperture W in the stratified medium and to the grain diameter Φ in the array of cylinders. It compares the characteristic times for oxygen diffusion and convection in the conveying gas. For instance, when Pe O increases, the oxidizer is carried further away through the medium before it can reach the reactive solid surface by diffusion. Note that Pe O pertains to the convective-diffusive transport of O 2 in the gas. However, the mass diffusion coefficient D O and thermal diffusivity D T,g are very similar, which corresponds to the usual situation of a Lewis number Le ≈ 1. Therefore, the thermal Péclet number Pe T,g based on D T,g is equivalent to Pe O in the discussion of the functioning regimes, and a single notation Pe is used for both of them henceforth. Another Péclet number will also be shown to play an important role, namely
where the last form assumes that Le ≈ 1. It compares the characteristic times L 2 /D T,s for thermal diffusion in the solid and L /U F for the front progression and tells whether the heat produced by the chemical reaction spreads in the solid faster than the front progresses, or whether thermal disequilibrium prevails in the solid in the reaction zone. In the latter case, a mean solid temperature is clearly unrepresentative of the temperature at the reaction site, and its use in the kinetic laws is very questionable. Thus, Pe F,s provides an a priori criterion for the validity of a local equilibrium hypothesis, and for the applicability of standard homogenized formulations and in particular of the analysis in Sect. 3. It can also be felt that Pe F,s determines the width of the hot region around the reaction front and controls the preheating of the solid, with determinant influence on the viability of the smoldering process. Therefore, the expected influence of Δ, Pe and Pe F,s can be summarized as:
-Δ depends on the system composition and determines the reaction-leading (Δ < 1) or reaction-trailing (Δ < 1) mode, the characteristics of the mean temperature profile (and therefore the positions of the calcination and cracking fronts) and the amount of decarbonation; -Pe depends on the flow rate, does not give rise to any transition but directly influences the spread of the oxidation reaction zone; -Pe F,s depends on both the composition and flow rate, and determines whether local thermodynamic equilibrium can be expected (Pe F,s 1) or not (Pe F,s 1), and in turn whether the predictions in Sect. 3 for all the major quantities are valid, or whether detailed microscale simulations are required.
If confirmed by the simulations, the last item is of the most prominent practical importance.
Extensive simulations presented in Sects. 5 and 6 have been conducted to illustrate, confirm and complete these predictions. A reference situation is defined, with the parameters in Table 1 which correspond to Pe = 10 and Δ = 0.38. Then, other values are examined, by changing the flow rate (i.e., Pe) and the fuel content (i.e., Δ). All other parameters are kept unchanged, which means that Pe F,s is not independent of Pe and Δ, as shown by (21) which yields Pe F,s = 0.0541 Pe/Δ in the present case. However, the three numbers are not intrinsically related, since this relation would change if, for instance, the porosity were modified.
Stratified Medium

Influence of the Péclet Number Pe
Three cases with Δ = 0.38 and Pe = 5, 10 and 20 are considered first, i.e., the reference situation and two other cases with air flow rates divided or multiplied by a factor of 2.
Temperature Profiles
Longitudinal temperature profiles at successive regularly spaced instants are shown in Fig. 2 as functions of the reduced abscissa x/W , where W is the channel width (see Fig. 1a ). T s (solid) and T g (gas) are transversely averaged over the corresponding phase. Except for the entry region where cold air is injected, the successive curves differ only by an horizontal shift, which means that a steady regime has established. The expected profiles are obtained, with the plateau temperature T = T p upstream of the reaction front. The counterparts of Fig. 2 for Pe = 5 or 20 (not shown) look exactly the same (recall that both T p and Λ are independent of Pe). In all cases, with ({OCP}) or without ({O}) carbonate calcination, the plateau temperatures are in excellent agreement with the prediction (16). Since a steady regime is reached, the profiles can be considered relative to the oxidation front position X F and averaged over a relatively long time interval, which reduces the numerical noise. Since the reaction zone is not vanishingly thin, the definition of X F is partly arbitrary. It is defined here in an average sense as the total current amount of burned carbon divided by the initial carbon content per unit length. Note that X F progresses at the velocity U F and that the numerical results comply exactly with the prediction (8) as a consequence of the oxidation stoichiometry. In all situations of reaction-leading mode (Δ < 1), the whole pattern of the reaction zone including the profiles of all the state variables and the positions of the calcination and pyrolysis fronts become stationary relative to X F .
Figure 3 presents temperature profiles in logarithmic scales, for Pe = 5, 10 and 20. Again, the upstream plateau temperatures differ for {O}and {OCP}, but the exponential decays on the downstream side are identical, as expected in view of (14). The decay rates are also identical for the mean solid and gas temperatures, although the curves can be shifted in the x-direction. However, the decay length Λ is a decreasing function of Pe since U F et λ (which includes a dispersive contribution in the gas) both depend on the flow rate. This dependence is discussed in more detail in Sect. 5.2.
Note that if the material contains carbonates, ignoring them in the modeling is not an option. In the example of Fig. 2 , calcination causes the front temperature to drop by 700 • , absorbing more than 40% of the heat released by the combustion. It also produces a lot of CO 2 (more than 2 CO 2 released by burned C). Thus, the question is not whether it is necessary to account for calcination, but rather whether the homogenized model with a lumped reaction in Sect. 3.2 is sufficient or not for this task. The detailed {OCP}model is applied to explore a range of situations and assess this question. 
Concentration Profiles
Concentration profiles for the various species are shown in Fig. 4 
The comparison in Table 3 shows that the numerical observations are in very good agreement with this prediction. In {OCP}, the exponential decay of [O 2 ] stops at some point and part of the oxygen escapes the reaction zone, about 1.6% when Pe = 10 and 3.8% when Pe = 20. This occurs when Λ O is large enough for O 2 to reach the cracking front beyond which fixed carbon has not yet been formed. Since both [O 2 ] and T are low in this region, oxidative reaction with the kerogen is not expected to be significant and is not included in the model. Basically, oxygen escapes when Λ O exceeds Λ (see Table 3 ), as discussed in Sect. 7.3. The profiles of carbon and kerogen contents, [C] and [K] , show that cracking takes place at a position 4 to 6 W downstream of the oxidation front, dictated by the decay rate of the temperature T s , while calcination takes place at a short-distance downstream of X F .
Local Field Maps
The profiles of phase-averaged quantities do not always represent the actual local variables, since strong gradients can exist on the pore scale. This is related to the existence or lack of local thermodynamic equilibrium and determines the pertinence of locally averaged variables. In the gas, this equilibrium is governed by Pe. It compares the characteristic times for diffusion and convection in the gas, and determines whether the fields can locally equilibrate before convection takes the fluid to another region where the fluid/solid interface conditions are different. The same role is played in the solid by the Péclet number Pe F,s (21). 
Influence of Δ
The Péclet number is kept constant here (Pe = 10 or 20) while Δ varies because of carbon contents [C] in smaller or larger than in the reference case (see eq. 19). Δ = 1.5 with [C] in = 430 kg/m 3 (larger that the density of most charcoals) is unrealistic for oil shales and it is considered only for illustration of general trends. Solid fuels in this range exist, but their characteristics strongly differ from the hypotheses made here of a predominant mineral matrix.
Temperature Profiles
Temperature profiles are presented in Fig. 6 for Pe = 10 and five values of Δ. A similar figure for Pe = 20 (not shown) can be commented in the exact same way. Again, the upstream plateau and downstream exponential decay are clearly visible when Δ < 1, with identical decay rates for T s and T g . As expected, the situation is reversed for Δ = 1.5. The exponential decay in{OCP}does not start right from the oxidation front but further downstream. T s decreases first nearly linearly between X F and the calcination front (T = T r,c = 750 • C). This is not in contradiction to the prediction (13), which disregards the details of the mechanisms within the reaction zone (including oxidation and calcination). When this zone is wide, solution (13) applies in the outer regions on either side. It is of interest to revisit in detail the exponential decay of temperature, and illustrate some of the limitations of an overly simplified macroscopic description.
Assuming local thermal equilibrium, a decay of the temperature beyond X F (when Δ < 1) is predicted in the form of (13). By using (8, 20, 12) , the decay length can be expressed as
Λ depends on Δ and Pe, on well-known physical coefficients, and on the global, apparent thermal diffusivity D, which is more difficult to figure out. It can be evaluated as (Debenest et al. 2005b )
The first two terms correspond to conduction and hydrodynamic dispersion. The last contribution results from the dispersive effect of the coupling of convection with the interphase transfers, with the exchange coefficient Γ upon which the Damkohler number Da is based.
Recall that Pe T,g is regarded as equivalent to Pe O . Furthermore, in a stratified medium, , and D = Pe 2 T,g /210 (Aris 1956 ). This value of D for passive species and should be corrected when source/sink terms exist along the walls (Shapiro and Brenner 1988) , but this is not a serious issue since its contribution to D is small. This yields, D = 0.304 10 −6 + 6.7 10 −11 Pe 2 + 1.4 10 −9 Pe 2 m 2 /s
The success of (23-25) is confirmed by the comparison in Table 3 with Λ determined from the simulation. The agreement is good in the two cases (very different in terms of Pe and Δ) where Pe F,s is significantly smaller than 1, and reasonable (25% difference) when Pe F,s = 0.9. Conversely, the prediction of (23) is unrealistic when Pe F,s exceeds 1. This is due to the last contribution in (24, 25). Its evaluation is an asymptotic result reached over a sufficient travel distance, which can exceed the region over which the temperature decays, making the model invalid. Since interphase heat exchanges are the key mechanisms and their characteristic time is related to the front advancement time by Pe F,s , this parameter is indeed expected to determine the validity of (23-25). This illustrates again the key role played by Pe F,s to characterize the situations where local thermal equilibrium is satisfied and the validity of predictions based on this hypothesis.
A much better model is provided when Pe F,s > 1 by multiplying (23) by Pe F,s , i.e.,
This accounts for all the results for Pe F,s ≥ 1.9 within at most 14%. However, it must be stressed that (23) and (26) do not have the same status. The former results from the solution of a macroscale equation, within a range of validity. The latter is a heuristic representation of numerical results which applies in another range of nonhomogenizable situations, where the lack of local equilibrium prevents locally averaged quantities to be representative. Thus, it is quite remarkable that such a simple and fairly successful model as (26) can be formulated. It is shown in Sect. 6 that it can be generalized to different kinds of microstructures.
Concentration Profiles
Concentration profiles for the various species are given for Pe = 10 in Fig. 7 . A similar figure for Pe = 20 (not shown) gives rise to similar observations. The exponential decay length of [O 2 ] is identical for all values of Δ, and in good agreement with (22) (see Table 3 ). As already observed in Fig. 4 , this decay is interrupted at the position of the cracking front. While the positions of the cracking and calcination fronts are not very sensitive to Pe (Fig. 4) , they strongly depend on Δ. This results from two combined effects. First, a larger Δ means a larger fuel contents [C] in , which causes T ad and the overall temperature level to increase. Second, Λ increases with Δ, i.e., temperature decays over a larger distance. Both effects contribute to shift in the downstream direction the isotherms T = T r,p and T = T r,c . The departure of the calcination front from X F is the reason for the linear decay of T observed in some cases of Fig. 6 before the exponential regime prevails. In the reaction-trailing case of Δ = 1.5, the calcination and cracking fronts move away indefinitely downstream of X F . They do not appear in the interval displayed in Fig. 7 , but they are shown in Fig. 8 when X F ≈ 150 W . Small values of Δ have the opposite effect. The cracking front gets closer to X F and a notable amount of oxygen escapes in some cases without reacting by lack of fixed carbon, up to about 35% when (Pe = 20, Δ = 0.18).
Oxidation of the kerogen is unlikely since the temperature decay is also very fast in these cases and T s is very low downstream of the cracking. Thus, the residual oxygen can only react with the gaseous pyrolytic gases, if T g is sufficient for ignition. This cannot be ruled out since T g is significantly larger than T s downstream of X F , as shown in Figs. 6 and 8. This illustrates the potentially detrimental effect of decreasing Δ, which might be desired for other reasons (e.g., reduction in NO x emission by reduction in the temperature). It brings the cracking front closer to the oxidation front due to the steeper temperature decay, and combustion of the valuable pyrolytic gases is more likely to occur.
Note that the partial escape of O 2 slightly modifies the process parameters. Consider, for instance, the case of Pe = 10, Δ = 0.2, with δ[O 2 ] = 0.84 [O] in . The front progression is slowed down, Δ increases which tends to increase T p . However, a partial calcination (≈15%, see Fig. 7 ) has opposite effects. It decreases the net source S H , and in turn T ad and T p . The complete analysis in Sect. 3.2 accounting for all the combined effects, with ω ca = 0.15 in (16), yields T p = 647 • C, in very good agreement with the numerical result (∼640 • C).
It may seem paradoxical that even partial calcination takes place while T p is significantly smaller than T r,c .
This results from the lack of local thermal equilibrium and illustrates again the critical role played by Pe F,s . Recall that Pe F,s = 2.7 when Pe = 10, Δ = 0.2 (Table 3 ). The temperature maps in the following show that the local temperature can differ significantly from T s and T g for such values of Pe F,s , and exceed T r,c in part of the solid domain.
Local Field Maps
A set of visualizations of the temperature and concentration fields is provided in Fig. 8. [O 2 ] and [CO 2 ] are not displayed since they are always very similar to those for Pe = 10 in Fig. 5 , except for the residual oxygen past the oxidation front when Δ = 0.2. The temperature maps clearly show the spread of the hot region when Δ increases. It does not result here from the increase in the reaction zone, as happens when Pe increases, but from the variations of the ratio of the front and heat transport velocities, through the denominator |1 − Δ| in expression (14) for Λ, and from the increase in T p with Δ. The local homogenization of the temperature when Pe F,s is small (large Δ) is well illustrated in the extreme case of Δ = 1.5 (Pe F,s = 0.36).
Complete calcination of the carbonates is observed when Δ ≥ 0.38, and calcination of about half of it when Δ = 0.28, in good agreement with the predictions (16, 18) reported in Table 2 . However, a thin calcinated layer is also observed for Δ = 0.20, despite T p < T r,c . The reason is the heterogeneity of temperature when Pe F,s > 1. A hot spot exists in the solid near its surface, on the upstream limit of the oxidation zone. This position has experienced complete combustion but the released heat has not been able to spread fast enough in the solid, so that T s is significantly larger than T s and can exceed T r,c . For larger Δ, the calcination front settles further downstream and it moves away indefinitely when Δ > 1. The cracking front behaves in a similar way. When Δ > 1, it progresses faster than the calcination front. In Fig. 8 , both fronts for Δ = 1.5 are shown when X F ≈ 150 W . Also in the case of Δ = 0.2, 16% of the oxygen escapes (Fig. 7) , due to the proximity of the isotherms T r,p (cracking front) and T r,O (onset of oxidation), whereas oxygen is carried by the flow further downstream in the middle of the channel. However, due to the large Pe F,s = 2.7, the solid and gas temperatures strongly differ (see Fig. 6b ) and T g exceeds 400 • C at the cracking front, where O 2 coexist with the pyrolytic gases. Therefore, ignition of the pyrolytic gases and a transition to flaming are possible. This is only occurrence of such a risk in the simulations in the layered medium, and it can be predicted from Pe F,s (another occurrence appears in similar conditions in the array is cylinders of Sect. 6). In all other cases, cracking occurs far enough (or T g decreases fast enough) downstream of X F for ignition to be prevented. Since on the other hand cracking does not affect significantly the energy balance, its detailed account in the model is not mandatory. Assuming that complete cracking is achieved at a position before the oxidation front reaches it is sufficient. This simplification was used in earlier works with {O}and the present detailed simulations with {OCP}confirm that the assumption was justified.
Array of Cylinders
The simulations in the array of cylinders described in Fig. 1 have been conducted in the situations listed in Tables 2 and 3 . Only those for {OCP}are discussed in detail here. Although the effects can be blurred because the length scales and associated time scales in this model are not so clear-cut as in the stratified medium, the same phenomenological features are observed and most of the comments in Sect. 5 still apply. Profiles of the mean solid and gas temperatures T s and T g are plotted in Fig. 9 as functions of the position relative to X F , normalized by the period L of the array. These profiles are moving averages over a ±L/2 interval. Maps of local T fields are shown in Fig. 10 . A very good agreement is observed between the predicted and measured T p (Table 2) , except in two cases. The reason when Pe = 5, Δ = 0.38 is that the steady regime is not fully established. In the second case (Pe = 20, Δ = 0.18), it results from the error in the prediction of the calcinated fraction, as discussed below.
The mean temperatures decay exponentially downstream of X F , as in the stratified medium. The decay lengths Λ/L are listed in Table 3 . There is no obvious organization and in particular, Λ/L for the three cases with Δ = 0.38 is not a monotonous function of Pe. Still, these results can be rationalized in the framework of a macroscale predictive model, as shown below (see Eqs. 28, 29) .
The mean profiles in Fig. 9 mask a feature which is clearly visible in the maps of Fig. 10 . A hot spot at the current position of the main oxidation zone is generally present in one of the grains. The same figure a moment later would present a similar spot in the next grain downstream, on the opposite side of the channel. In the case of Pe = 20, Δ = 0.34, two such spots are visible in Fig. 10 as the picture is taken when oxidation is switching from one grain to the next one. Hence, the stationary pattern of the stratified medium is replaced here by a periodic oscillatory regime. Of course, disordered grain arrangements in a real medium would feature the same kind of grain to grain front progression but without the regularity of the present periodic geometric model. The ±L/2 longitudinal moving average roughly corresponds to the expected result of an average in a disordered packing along a transverse line crossing randomly positioned grains.
Maps of the temperature and concentrations are provided in Fig. 11 , in a 5L window around X F . Profiles of the same quantities averaged transversally and over a moving ±L/2 x-interval are plotted in Fig. 12 , as functions of x/L relative to the front position X F .
Most of the comments made about the stratified medium still apply. The spread of the combustion zone as Pe increases is clearly seen from the O 2 concentration profiles in Fig. 12 . The decay of [O 2 ] is roughly exponential, with the decay lengths Λ O /L given in Table 3 . Oxygen is fully consumed, except for Pe = 20, Δ = 0.18 where about 9% escapes. This occurs in the same situation as it did in the stratified medium, for the largest Pe F,s ≈ 5, due to the same combination of two circumstances: The overall temperature level is low because the fuel contents is small, and oxygen is carried by the gas flow faster than conduction can preheat the solid to ignition temperature (see the discussion in Sect. 7.3). Since thermal equilibrium is not satisfied, hot gases containing oxygen can reach regions where pyrolysis is underway, and a risk of ignition in the gas exists. A notable difference of Fig. 12 with Figs. 4 and 7 is the longer extent of the pyrolytic reaction zones, which results in part but not only from the ±L/2 moving average. Cracking gave rise in the stratified medium to very sharp variations of [K] et [C] , whereas they span here at least a period L. A similar statement applies to calcination. This spread results from the less regular microstructure in the array of cylinders. The unevenness of the geometry and velocity field and the time variations of the general field patterns as the main oxidation zone hops from one grain to another strongly disturbs the shape of the T r,p and T r,c isotherms.
The carbon content is sufficient to give rise to complete calcination of the carbonates in all cases with Δ ≥ 0.30, as predicted by (16, 18) . In the lower-grade medium with Δ = 0.28, calcination is partial. The observed and predicted values of ω ca are in very good agreement (see Table 2 ). Finally, no calcination at all is predicted for the leanest fuel with Δ = 0.18 but nevertheless, partial calcination with ω ca ≈ 0.13 is obtained numerically. This is the same phenomenon as observed in the stratified medium with Δ ≤ 0.20, and the reasons are identical. Pe F,s is very large (≈5), and the temperature field is very far from local equilibrium (Fig. 10) . Thus, although T s is significantly smaller than T r,c , temperature can locally exceed this threshold and allow calcination. As a consequence, the prediction (16) of T p with ω ca = 0 is erroneous, since it overestimates the net heat release. This explains the deviation in Table 2 between the predicted and measured T p for this case.
Caution is required when applying a homogenized description in cases where local equilibrium is not satisfied, and indeed, discrepancies have been observed in the predictions of Λ in the stratified medium in all cases with Pe F,s > 1. Furthermore, the position of the heat source in the array of cylinders moves in a stepwise way from grain to grain instead of the smooth progression with velocity U F upon which the definition (21) of Pe F,s is based. Thus, local equilibrium is not warranted even when Pe F,s < 1. Nevertheless, it is of interest to test whether predictions of the same kind as (22, 23) or (26) have some degree of realism.
Consider the first expression (22) for the oxygen concentration decay rate. The mean conveying velocity v O can be estimated from the volume fractions of the stagnant and actively flowing parts of the pore space (see Fig. 3d of Debenest et al. 2005a ). The former is oxygendepleted in the reaction area (see Fig. 11 
This prediction is in reasonable agreement with the numerical results (Table 3) , although Λ O seems to be slightly less sensitive to Pe than predicted. The prediction (23) for Λ also applies to the array of cylinders, with W replaced by the grain size Φ, upon which Pe is based,
and D can be estimated in the same form as (24). The effective conductivity λ = 0.30 W/m K was calculated by solution of Laplace's equation (Thovert et al. 1990) , and D by the direct solution of the convection-diffusion problem for a passive solute . In the investigated range of Péclet numbers, the results can be represented by D ≈ 0.071 Pe 2 .
The definition of Da is also modified by substituting Φ to W , and εC g /Γ is still equal to
The resulting predictions for D and Λ given in Table 3 can be commented in the same way as for the stratified medium: They are in good agreement with the numerical results when Pe F,s is small, and strongly underestimate Λ when Pe F,s is large. But then again, an alternative model of the kind of (26) successfully takes over in the latter case. Note that Pe F,s is based on the length scale W for the stratified medium. Therefore, its exact counterpart for the array of cylinders should be based on the pore size Φ p = Φ/2, whereas it is actually based on the grain size Φ. Alternatively, the discussion can be conducted in terms of Pe Fs /2, which has the same meaning in the cylinders as Pe F,s in the stratified medium. In view of the data in Table 3 , the limit for the validity of (28) appears indeed to be Pe Fs ≤ 2 rather than 1. The counterpart of (26) reads
Again, this heuristic model is very successful in the situations of strong local thermal disequilibrium, as shown in Table 3 . As a whole, the combination of (27, 29) provides good predictions of Λ in the array of cylinders as did their counterparts (22, 26) for the stratified medium. In particular, the presence of terms proportional to Pe and to Pe −1 in (28), due to the Pe 2 contributions to D, explain the nonmonotonous evolution of Λ with Pe.
The effect of the CO 2 emission from the oxidation reaction (1a) is minor. It does not cause volumetric expansion nor directly influences the velocity field since the number of gas molecules is conserved. Substitution of O 2 by CO 2 increases the density and the mass flow rate, by about 12% if the inlet gas is air, but only slightly modifies the physical properties of the gas mixtures, for instance by −3.9% for the viscosity and −1.5% for the thermal conductivity when T = 1000 K. However, reactions (1b) and (1c) release larger amounts of matter, corresponding with the present parameters to ≈34% of the mass flow rate of injected air for the cracking and ≈36% for the calcination of the entire initial carbonate content. This should be taken into account in field scale simulations, since it can influence the overall flow field, including upstream of the reaction zone, and affect the oxygen supply rate. Conversely, this had no effect in the reference experiment (Martins et al. 2010b ), due to the finite length and very large permeability of the bed. In any case, the simulations are representative of the process for the specified inlet flow rate, regardless of whether it is imposed (in the experiment) or results (in the field or in a large reactor) from a larger-scale flow problem.
Regarding the details of the processes in the reaction zone, no serious perturbation can result from the emission of pyrolytic gases V , since they are always released at its downstream limit. Significant disturbances can only result from the increase in the gas volumetric thermal capacity C g due to the release of CO 2 by calcination, when it occurs in large amount and close to the oxidation front. This happens in a narrow range of operating parameters, as seen, e.g., in Fig. 7 . Calcination is weak for small Δ, and it occurs downstream of the oxidation zone when Δ is large. But when (Pe = 10, Δ = 0.28), ρ g and C g increase by about 30% (including both CO 2 emissions by combustion and calcination). This situation can be predicted from the a priori estimates of T p , Λ and ω ca . Ignoring the gas release does not modify the phenomenology and patterns in the reaction zone, but induces changes that can be quantified. A corrected C g can be included in the estimation of Δ (≈+30%) and in turn of Λ and T p (both ≈+12%, which tends to shift calcination downstream and minimize the disturbance). U F and Λ O are unaffected. Most importantly, the criterion for local equilibrium and applicability of the theoretical predictions is unmodified, since Pe F,s is independent of the gas properties. Hence, the typology of behaviors observed when using the simplifying approximation is relevant and the reported predictions are quantitatively correct or can in most part be easily corrected.
Unified Expressions for Λ and Λ O
Many global results such as the predictions of T p or ω ca have been expressed in a general way as functions of the governing dimensionless parameters, but expressions for some others, namely Λ and Λ O have been formulated specifically for the two investigated geometrical models. They can easily be reconciled in a tentative general form as follows. Expressions (22, 27) for Λ O can both be written as
where Φ p is the typical pore diameter and η O = v O /v * is equal to 1.3 for the stratified medium and 2 in the array of cylinders. Recall that η O >1 results from the depletion of oxygen in the regions of smallest gas velocity, which correspond to the close vicinity of the solid surfaces in the stratified medium and to vast stagnant dead-end regions in the array of cylinders. These two cases are extreme situations and the associated values are probably practical bounds for η O . For instance, three-dimensional grain packings are less regular than the stratified medium and contain low-and high-velocity regions, but the flow is nowhere really stagnant. On the other hand, expressions for Λ (23, 28) when local thermal equilibrium is realized and (26, 29) when it is not reduce into
where L is the arbitrary length scale upon which Pe is based and Φ p U F /D T,s is a slightly modified definition of Pe F,s with L replaced by Φ p .
Roles of the Operating Dimensionless Parameters
The results of the simulations demonstrate the important roles played by the dimensionless parameters Pe, Δ and Pe F,s in the global behavior of the smoldering process. Since only the flow rate and the solid fuel content have been varied, the three parameters are related in the present simulations, but they are not in a more general framework, as shown by (21). The parameter Δ which results from the oxygen and fuel contents strongly influences the temperature T p in the reaction zone and its decay rate away from the front X F . Reducing Δ when operating a furnace or a large-scale reactor, for instance by mixing the reactive material with inert sand, can be viewed as desirable for the purpose of lowering T p , thereby limiting calcination or NO x formation and facilitating the reactor design. However, when Δ decreases, the temperature decay is steeper and the cracking front can get very close to the oxidation front, with a risk for the pyrolytic gases and oxygen to encounter and react. This detrimental concomitant effect should be considered in the decision.
The second important operating parameter is the air flow rate, which is the most easily tunable operating parameter. It determines the value of Pe, which does not directly impact the temperature but conditions the reactor fuel combustion and power release rates. But larger flow rates also spread the reaction zone by carrying O 2 faster through the hot reactive region. This can cause part of it to reach a downstream region where the solid is not hot enough to allow carbon oxidation. At best, this oxygen is lost (and the values of U F , Δ and T p are modified), and at worst, it can meet the pyrolytic gases in a gas mixture hot enough to allow ignition.
The criterion for oxygen escape is the competition between the decay rates of T and
The former should precede the latter, i.e.,
This ratio is about 0.4 if a 5% oxygen escape is tolerated. The decay length Λ O (30) is proportional to Pe. On the other hand, Λ is proportional to Δ/(1 − Δ)Pe (disregarding the dependence of D on Pe if it is not too large) in view of (31a) for situations of local thermal equilibrium, and to 1/(1−Δ) in view of (31b) in the opposite case. Anyway, the combination of small Δ and large Pe increases the risk of violating (32). This is confirmed by several such instances in Table 3 , which are indeed associated with nonzero values of ω O . The last parameter Pe F,s is a criterion for local thermal equilibrium, which is not satisfied when Pe Fs > 1. This makes a straightforward application of a homogenized description problematic, as illustrated, for instance, by the transition from expression (31a) to (31b) for Λ. It has been shown as well that local deviations from the mean temperature can cause calcination to take place in situations where it is not expected to occur in view of the prediction of T p , with a significant impact on the net heat balance and therefore on many other aspects of the process.
Note that Pe F,s scales as Pe/Δ (see Eq. 21), and therefore, the aforementioned combination of small Δ and large Pe corresponds to large values of Pe F,s . Accordingly, situations where oxygen escapes with large values of ω O are clearly associated in Table 3 with the large values of Pe F,s . Therefore, the heuristic expression (31b) for Λ can be used in practice when checking whether criterion (32) is satisfied.
Finally, the large values of Pe F,s are associated with the situations of strong thermal disequilibrium, with a high temperature in the gas at a downstream position where oxygen and combustible pyrolytic products coexist. Therefore, the two criteria needed for the onset of flaming are met simultaneously when Pe F,s is large.
Generalized Prediction of the Calcination Rate
An analysis has been presented in Sect. 3 for the a priori estimation of the expected calcination rate ω ca and temperature T p from global parameters and in particular as a function of Δ. However, different expressions for the criteria (17) prevail if Δ varies because of variations of the fuel contents [C] in or of the oxidizer inlet concentration [O 2 ] in . A generalized prediction which explicitly accounts for both of these concentrations is provided here. The adiabatic temperature is related to the calcination rate (to be determined) by,
Complete carbon oxidation δ[C] = [C] in is assumed, as observed in practice, as well as ω O ≈ 0 which is satisfied in most cases. Combination of (12, 15, 33) yields
Thus, if ω ca is strictly comprised between 0 and 1, which implies T p = T r,c , it can be expressed as a function of [C] 
If (35) yields ω ca < 0 or ω ca >1, its actual value is 0 or 1, respectively. In all cases, T p can be obtained by the value of ω ca in (34). This is illustrated in Fig. 13 , for the present physicochemical parameters and carbonate content. Partial calcination occurs in a relatively narrow band and depends primarily on the carbon contents.
Comparison with Experimental Data
The carbonate content in the reactive shale and the heat of the calcination reaction have been set in these simulations to the values measured by Martins (2008 Red lines bound the domain of partial calcination 0 < ω ca < 1 Equation (12) yields Δ ≈ 0.28, between the two thresholds (17). Therefore, partial calcination is expected, with ω ca =0.73 according to (18) . This is in fairly good agreement with the experimental result 0.83. The deviation can be easily explained by differences between the densities and thermal capacities in the model and those of the actual materials. In addition, the relatively narrow domain of partial calcination in Fig. 13 makes the prediction of ω ca very sensitive and the quality of the agreement all the more gratifying.
It is concluded in Martins (2008) that with a flow rate corresponding to Pe of the order of unity, the gaseous pyrolytic products escape the reactor without undergoing oxidation. This complies with our observations, even though the real grain packing is much less regular than our model media, both geometrically and compositionally (due to the mixture of reactive and inert grains), and it is probably heterogeneous in some respect. Flow channelization and deformations of the reaction front can take place. This, together with transverse diffusion, might help bring oxygen and pyrolytic gases into contact, but it does not seem to occur in this particular case.
On the other hand, the experimental profiles do not feature the plateau T = T r,c predicted by our model in case of partial calcination. This suggests that the kinetic law adopted here is excessively fast. This is probably true, but the blame on the kinetic model for this discrepancy should be mitigated for several reasons.
For one thing, even though Pe F,s is small in the experiments, Figs. 10 and 11 show that this does not completely prevent T s and T g from strongly deviating at the front position, and the solid temperature to depart locally from T s . This alone was shown to cause partial calcination to occur in situations where none is expected. But it is also difficult to assess exactly in what respect the solid and gas temperature contribute to the response of the thermocouples. The primary product of the fixed carbon oxidation is generally mostly CO, which is later oxidized into CO 2 in the gaseous phase. The two steps are lumped into a single apparent one in the present model, but a more elaborate chemical scheme accounting for them separately shows that CO oxidation can cause the gas temperature to widely exceed that of the neighboring solid (Elayeb 2008; Elayeb et al. 2009) . The thermocouples would then record a temperature larger than T s , which determines the calcination rate and should feature the plateau at T r,c . Thus, the numerical and experimental observations are not necessarily in contradiction.
Note also that if the infinitely fast kinetic law for calcination were replaced by a slower one, such as an Arrhenius law, the position of the calcination front would spread and be shifted in the upstream direction, but without affecting the net heat balance and the global behavior, at least as long as transverse heat losses are moderate so that the bed does not cool down fast enough to prevent calcination to occur. Such transverse losses are not taken into account in the numerical model, and it cannot be entirely ruled out that they influence the calcination rate in the combustion cell used in the experiments of Martins (2008) . But this artifact would be of much less importance in the practical situations of a wide industrial reactor, or in a transversally unbounded medium for in situ combustion.
Concluding Remarks
The pyrolytic processes of kerogen cracking and carbonate calcination can have a strong and direct impact on the global balances and they can modify the process outcome. An extensive survey of the functioning regimes has exhibited features which can be crucial for the operation of a reactor and for its macroscopic modelization. Three dimensionless numbers have been shown to control the phenomenology. Their role is summarized in Sect. 7.3. The parameters Δ and Pe embody the effects of the constituent properties and of the operating conditions (flow rate), respectively, and Pe F,s depends on both of these aspects. In particular, the latter provides an a priori criterion for the validity of a local equilibrium hypothesis and therefore for the applicability of standard homogenized formulations.
The numerical observations comply when Pe F,s is small with the expectations from the homogenized description and global arguments presented in Sects. 3, 7.2 and 7.4, including quantitative predictions of the mean temperature profile, reactant consumptions and relative positions of the reaction fronts, which determine, for instance, whether the oxidizer and the valuable pyrolytic gases can meet in conditions where combustion can occur.
Conversely, these approaches fail in several respects when Pe F,s is large. Firstly, the upscaled transport equations are invalid or for the least, their form or effective coefficients are deeply modified in situations where local equilibrium is not satisfied. Still, a successful heuristic model for the spread of the hot (and potentially reactive) region could be stated. Although not substantiated, this result provides an avenue for further studies into an uncharted domain. Secondly, strong local deviations of the state variables from their averages, combined with the nonlinearity of the kinetic laws, cause the overall reaction rates to differ from those deduced from the mean values. For instance, calcination can exist when none was expected, with impact on the operating temperature, and possibly in turn on other mechanisms. No suggestion aside from microscale simulation is put forward at this stage to account for the latter effect, but the possibility to identify a priori via Pe F,s the situations at risk requiring a closer examination by a refined homogenized or microscopic approach is valuable.
A microscale description is of course not practicable for simulations in domains covering an oil reservoir or a whole industrial reactor. Achievable grid sizes can at best resolve the reaction region, and at worst exceed the reaction zone thickness, which appears then as a thin surface. If Pe F,s suggests that local equilibrium can be expected and confidence can be placed in a homogenized model, upscaled equations can be used in the former case and global reaction rates obtained by their integration across the reaction layer thickness can be applied as singular source/sink terms in the latter case. In the opposite situation, a possible approach is the coupling of microscale simulations in an inner, well-resolved region covering the smoldering front, with homogenized equations discretized on a coarser grid in the largescale domain upstream and downstream of the front. The implementation and the tuning of such a numerical model are challenging tasks, but the feasibility of the approach was demonstrated by its application (on the downstream side) in Debenest (2003) , Debenest et al. (2005a Debenest et al. ( , b, 2008 .
Several major extensions to the present model can be contemplated and two have actually been initiated. Radiative heat transfers would regularize the local temperature variations by facilitating heat exchanges between solid bodies, and from hot spots to their surroundings. This issue will be addressed in future works, by the same microscopic approach (Roudani 2008) . A more elaborate chemical model, featuring heterogeneous carbon oxidation into CO followed by CO combustion into CO 2 in the gas phase has also been implemented (Elayeb 2008; Elayeb et al. 2009 ). First applications confirm the major influence on the global behavior of a lack of local equilibrium.
